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On magnetic stability of some Hamiltonians 
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We Investigate the magnetic stabdlly of certain systems wIth ismg & Heisenberg mteractions. 
It is round that in general the system having more number of mteracting pairs is favoured 
most on thermodynamic consideratIons. 
L INTRODUCTION 
Consider a set of spins, each of spin ~, and interactmg amongst themselves 
with a prescribed law and arranged in various geometncal ,hapes. The 
range of interaction is restricted to the nearest neighbours; the strength 
is assumed to be constant. What is the most stable arrangement, in other 
words, which configuration will have the lowest free energy? 
Questions of similar nature were raised in the past about charged 
particles. For instance, Coldwell-Horsfall & Maradudin (1963) found the 
b.c.c. electron lattice (the one considered by Wigner, 1938) has 
indeed the lowest energy among b. c. c., f. c. c. and s. c. arrangements. 
An extensive discussion of lattice stability exists for various force laws 
between ionic charges (Born & Huang (1966)). These results aTe obvi. 
ously of interest in phase transitions involving crystal structure change. 
The problem for spins which we consider has, however, a serious 
limitation as far as physics of actual magnetic solid IS concerned. The 
actual stability of the magnetic structure is determined only partly by 
the Hamiltonian that we consider and the redistribution of charge is 
extremely important for stability conSIderations. One might take the 
spin Hamiltonian to be an effective Hamiltonian of the solid of a particular 
geometrical structure. When we consider different arrangement of spins, 
in general the exchange constant in the Hamiltoman will not be the same 
as befure, e\'en though the new structure may be defined by an effective 
spin Hamiltonian of the old type. The exchange constant may change In 
several ways. If we assume the charge distribution sphetical ( a collection 
of S-state ions), the distance ,between nearest neighours will change or the 
eo·ordinatlon number itself'may change, modifying the overlap integrals, 
The charge distribution of most magnetic ions is not spherically symmetric, 
hence any rearrangement of the neighbours around one ion will modify 
overlap integrals. Within these limitatiOns, howeveT, the question of 
stability can be discussed for some cases. The results have certain interes· 
tina featurel, . 
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2. ISING HAMILTONIAN 
Take the Ising Hamiltonian first 
H-~J'\' 
- 2 ~ u" u" .. (I) 
J < ° corresponds to the ferromagnetic case. In the two dimensional 
sItuation, the free energy per spin has been rigorously evaluated for the 
squate, triangular and hexagonal lattices (Green & Hurst 1965, Domb 
1960). 
2~ 
-/,/ BT = i In sinh 2Ei: +)- \ cosh- 1 lcoth 2K cosh 21\ -cos8]dO 
4" , 
2. 
--f,./" nT = l In2+3 In cosh K + l \ hilA f IA'-4(I-x'!,X'(O)}1I'J dO 
2 47T 
, 
-[. .. /KnT = - J.,j"BT-ln cosh K-ln (1 +tanh' KJ+ln 2 .. (2) 
with 
A = (1+xl )'+8z'-2x(l-x2)' 
X(8) = 2x(l-x') cos!. 0 
2 
x = tanh K, K = J/"Bq' 
Tho integrals can be numerically evaluated. We notice that for J> 0, 
the triangular lattice has the lowest free energy at all temperat ures. For 
.J <0, the hexagonal configuration is the most favoured one. TIle free 
energy curves never cross, and no transformation from One type of lattlee 
to another is possible. 
No .closed analytic expressions are available for 3·dimensions. How' 
evor, series expansions for the partition function arc available both in the 
hIgh and low temperature limits. Domb & Sykes explicitly calculated the 
partItion functions in powers of tanh (J/"D7') for both ferromagnetic and 
al1tiferromagnetic cases for different lattices. Focussing our attention 
on the simple cubic (s. c. l, body centred cubic (b.c.c.) and the face 
centred cubic ( f.c.c. ) lattices, the high temp4rature expansions for J <0 
(Dumb 1960, Domb & Sykes 1957) : 
I.e. Z = 2(oosh K)' [1+3w'+22w'+192w'+ .... l 
b.e.c. Z;;" 2(oosh X)' [1+12w·+148w6+256SW·+ ...... ] 
f.e.e. Z = 2 (cosh K)6 [1+8w'+33w'+168w'+ ..... l 
w =- tanh g; K = J/_,T' .. (3) 
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The f. c. c. latlice has the lowest free energy. For J>O, the f.c.c. lattice 
cannot be decomposed into the two sublattices, as done usually in 
the model of an antiferromagnet. Of the remaining lattices obviously the 
b. c. c. is the more stable one. Note that the right hand sides of first two 
equatIOns in (3) do 110t depend all the sign of J. In the low tempera-
ture region Sykes lOt til (1965) give expansions for free energy for both 
ferromagnetic and antiferromagnetic lattices in powers of exp(- I J I/KaT). 
The free energy of J <0 is given by the formula. 
where in is given by the ferromagnetic polynomials 
'. o. Inl\ (l,u) = u'+3u' - ; u'+15,u'-33u'+ ..... , 
9 b.c.e.lnl\(I,·") ~ u' + 4u' - "2 u'+28ulO+ ...... , 
/.e.o. In 1\( I,u) = ,,' + 6ull - ¥U"+8ulO + 
'U = exp(-41 J I hT') 
...(4) 
The uominant term at low temperatures is - -~ qJ i. e" the free energy is 
asymptotically proportIOnal to co-ordination number. Hence, the f. c. c. 
lattice is "gam the stablest configuration and the s.c. lattice has the least 
stabihty. For J>O free energy is given by a formula similar to (4) but in 
thiS cas~ In 1\' (I,Y) is given by 
... o. /" I\'(I,Y) = y'+Jy'O - t !/'+15y"+ ..... 
b.o.c. InA'(l,y) = u"+4y14 - .'! y"+ ...... 
2 
The b.c.c. lattice IS stabler than the s. c. If we assume that as in the 
two dlmen,ionai situation, the free energy curves do not cross, no transi-
tion Will occur from the f.c.c. to any other form in the J <0 case, and 
from b.c.c, to the s. c. in the J>O case. 
3. HEISENBERG HAMILTONIAN 
The Hamiltonian representing the Heisenberg coupling is written as 
H =-Z!" J 2: ajUJ ",(6) 
iJ 
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i and j being nearest neighbours. J>O corresponds to antiferromag-
netic coupling. Rigorous analytical expressions for the free energy are not 
known for large number of particles. We shall consider what is known as 
the cluster problem. Here the spins are supposed to be divided into 
groups which do not interact with each other. Bleaney & Bowers (1954) 
(see also Guha 1957, Smart 1963) have discussed the case of a compound. 
Cu (CH. COO),. H,O, where a pair of Cu atoms is magnetically coupled, 
while different pairs are independent. We shall gene"ali,e the situation 
and allow each group to have 4, 6 and 8 particles, respectively. Beyond 
these, calculations become too involved. 
Considering 4 spins first, we can arrange them at 1 he vertices of a 
square (5) or a tetrahedron (t). Always allow nearest neighbour interac-
tions. Hence the relevant Hamiltonians are 
H, = 1 J[o,o,+o,O',+O',O',+o,O',] 
2 
H, = 1.. J[0',0,+o,o.+o,O',+O',01+0,0.+o,o,]. ...(7) 
2 
Taking 6 spins we may put them in the shape of a hexagonal ring (h) 
or at the vertices of an octahedron (0). The corresponding Hamiltonians 
are 
1· j B,= - J[ L' 0,01+1 + . .l.' 0'1.0,., ] 2 1=::1) '=1 
.. (8) 
For 8 spins two structures of immediate interest are an eight member 
ring (r) or a cube (c) 
1 • 
H,=-J Ea,.ait' ; (0', == a,l, 2 i_, 
B .=1 J[a,.al+ 0' •. 0.+ 0',.0'.+ 0',.0,+ 0'1'0"+ U"Uu 
2 
+u,.a, + a,.a.+a,.u.+O',.o, + 0"U8+0' •. 0,1 ... (9) 
We want to calculate the eigenvalues of the Hamiltonians and deter-
mine their degeneracies in order to get the free energy. The eigenvalue of 
the Hamiltonian in equations (7) and (8) are already available from the 
work of Majumdar & Ghosh (1969). They studied the effect of having 
next nearest neighbour interaction in a linear chain represented by the 
HamiltOnian 
1 Ii 1 Ii ... (10) fl=, J E al·alt! + -2 Joe. E aWlu 
.. f=~ i=l 
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(N +1 == I, N+2 == 2; -1 ';;:0(';;; I). An essential part of their work was 
devoted to the study of short chains of upto ten particles. In fact it 
was recognized that for "=1, the 4 spins can be naturally arranged on a 
tetrahedron and six spins on an octahedron. Such arrangements could be 
exploitC\d to explain the degeneracy of eigenvalues at ,,=1, because these 
figures have simple symmetry groups associated with them. For B spins 
the results for 0(=0 were known from Orbach (1959). The results for 
0(=1 with 8 spins do not help us as there is no simple arrangement of 
spins in this case. We therefore diagonalized the Hamiltonian (6) for a 
Slmple cubic arrangement of spins and obtained the free energy. The 
eigenvalues ars listed in table 1. Dresselhaus (1962) has obtained the 
equations determining eigenvalues. 
S, 
±4 
±] 
±2 
±1 
TABLE 1. EXCHANGE EIGENVALUES FOR A CUBIC ARRAY OF 
8 ATOMS OF SPIN ! 
No. of states Energy Ej.J 
6.0000 
60000 
40000 
2.0000 
0.0000 
6.0000 
40000 
).2361 
18 2.0000 
0.8284 
0.0000 
-12361 
12 -2.0000 
-4.8284 
6.0000 
6 40000 
4 3.2361 
2.3402 
18 2.0000 
6 1.2361 
2 0.8284 
14 0.0000 
- 0.7639 
1.2361 
- 1.3778 
16 - 20000 
- 3.2361 
- 4.8284 
-4.9623 
_. 5.2361 
- 8,0000 
s, No, of states Energy EIJ 
6.0000 
4.0000 
3.2361 
2.5589 
2.3402 
18 2.0000 
6 1.2361 
"'0.8284 
16 0,0000 
6 -0.7639 
-1.2361 
-1.3778 
22 -2.0000 
-2.9187 
-3.2361 
- 4,0000 
--4.8284 
- 4.9623 
- 5.2361 
- 8.0000 
- 9.6401 
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With J>O, for 4 spins, at low temperature, the square, arrange-
ment has the loweat free energy (the ground state energy per spin i. 
of course lower) but at high temperatures the tetrahedral arrangement lies 
lower. The cross over occurs at J/KBT=O.5785. The change at this point 
Is of the first order, in the sense that the slope of free eneri!\' chan~s dis· 
continuously. The internal energy has a jump and the specific heat curve 
also has a finite jump. 
For both 6 and 8 spin clusters with J> 0, the 3 dimensional struc-
tures-the octahedron and the cube-lie lower In free enfflll' than the 
corresponding two dimensional counter parts. The results '''ggest the 
follOWing interprepretation. The three dimensional structures having more 
interparticle bond, are energeticallv fava~red. The case of 4 spins is 
marginal; the three dimensional structure .llow, two extra bonds, but 
there is not enough gain in eneti!\' (remember the coupling i. anti ferro-
magnetic). As the 3 dimensional arrangement provides more hand. the 
balance is tipped in favour of stability for the 3 dimensional structure. 
For J <0 it is found that in all these cases mentioned above the three 
dimensional structure is mOTe stable far all region, of temperature,· 
Though no closed expression for free eneri!\' for lattices with N-+oc 
in the Heisenberg Hamiltonian has been worktd out so far, hi~h tempera-
ture expansions in powers of J /".T are avnilable from the work of Domb 
& Wood (1965). They express the !erO field expansion of the p~rtition 
function in the form 
In ZN (l/ •• T,O)=N In HNl: '/(JI K.T)-/2'/11 .. (11) 1-' 
At sutliclently high temperatures the 1=2 term is the leadinR one. The 
coefficient e, has been comruted bv these authors to be 312 times the 
coordination number It Is seen that for J <0, of the three lattices s.c., 
b. c. c. and f.c.c., the last mentioned one is the most stobIe and tho •. c. 
is the least stable. For J <0 clearly the f. c,c.lattice. having more bonds, 
will be the most stable at low temperatures. Hence this is likelv to be 
the ca,e at all temperatures. With antiferroma~netic couplin~, J>O, while 
the high temperature behaviour of the s.c. and b. c.c. lattices are given by 
(11), nothing exact is known about the ground state energl'. 
4. DISCUSSIONS. 
The real problem of stability which includes the "eametri: ordering 
determined almost entirelv by the ,pin independent forcea between ions 
and the magnetic ordering controlled bv the spin dependent exchange type 
forces is a very hard one, However, it is thought that near the ma!llletic 
transition temperature the dominant contribution to free energy deter-
mining the tnaflcric strqctuft COlli" frolll th~ f{.lIIjl~(Nl of m~ (om 
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discussed in this paper. Also, in complex salts with complex ge9metr!c 
structures, there are only a few magnetic ions and these determine the 
magnetic structure of the system entirely. Such systems are also described 
by effective spill Hamiltonians of the Heisenberg type, and our results may 
have relevance to them. 
REPERENCES 
Bleaney, B. 1954 Phil. MCJ{J [7). 43, ]72-
Born, M. &. Huang, K. 1954 Dynamic8 of ary8~al LauicBB, Oxford University Pres., p. 
140. 
Coldwell·Horsfall, R.. A. & Mmdudin, A. A. 1960 J. Math. Phy •• 1, ]95 and Erra· 
tum, 1963, 4, 5Bl. 
Dornb, C. 1960 Advances in PhY81ClJ 9, 149, 245. 
Domb, C & Svke., M. F. 1957 Phil. Mag. 2. 733. 
Domb, C. & Wood, D. W. 1965 P,.c. Phy •. s.c. 86, 1. 
DresseLhnus, O. 1962 Phys. Rev. 126, 1664. 
1962 Lincoln Laboratory Techn1crd Report, No. 25+. 
Green, H. S. &.. Hurst, C. A. 1965 Order Disorder PI,c,nOtnenon, [nteraclence Publishers. 
Guh., B. C. 1951 p..c. R.y. S.c. A 206, 353. 
Majumdar, C. K. & Ghosh, D. K. 1969 J. Mall.. Phy •• ( to b. published). 
Orbach, R. 1959 Phy •. R ••. \15, llBI. 
Smart, ]. S. 1963 Mugnf'.h8m Vol. 3, edited by G. T. Rado &.. H. Suhl Academic P;CSI, 
Syke., M. F., E"am, ). W. & Gaunt, D S. 1965 J. MaU,. PI,y •. 6,263, 
Wigner, E. P. 193B 't'l'lIlll;. Fat'aday Soc 34. 678. 
